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A b s t r a c t

We rep o rt o n d etailed calcu latio n s o f d ielectro n ic reco m b in atio n (DR) rate co effi cien ts f o r

Sn 4+–Sn 13+ u sin g th ree ap p ro ach es o f d ifferin g d eg rees o f co m p lex ity . Th ese are

co n fi g u ratio n -m ix ed Breit–Pau li u sin g th e AUTOSTRUCTURE co d e, b u n d led -nl u sin g th e

Bu rg ess–Beth e g en eral p ro g ram (BBGP) an d co n fi g u ratio n av erag e (CA) u sin g th e

DRACULA co d e. We fi n d th at targ et 1n = 0 d ip o le p ro m o tio n s d o m in ate th e to tal DR rate

co effi cien ts; co n fi g u ratio n -m ix in g effects are sm all f o r th e to tals; resu lts f o r th e to tals are

h ig h ly d ep en d en t o n th e in itial lev els av erag ed o v er— th e resu lts f o r av erag in g o v er all lev els

o f th e g ro u n d co n fi g u ratio n b ein g ty p ically n early a facto r o f 2 sm aller th an f o r u sin g o n ly th e

g ro u n d lev el. On co m p arin g th e to tal DR rate co effi cien ts o b tain ed u sin g th e th ree m eth o d s w e

fi n d th at th e BBGP resu lts are sy stem atically lo w er th an th o se o b tain ed fro m

AUTOSTRUCTURE— in so m e cases th ey are sig n ifi can tly lo w er (b y a facto r o f 2)— w h ile th e CA

resu lts are sy stem atically an d sig n ifi can tly h ig h er (b y u p to 80% ) in g en eral. Th ese fi n d in g s

n eed to b e b o rn e in m in d f o r th e fi n ite-d en sity m o d ellin g o f tin p lasm a so u rces fo r

m icro lith o g rap h y an d tin m ark ers fo r m ag n etic fu sio n p lasm as esp ecially w h en u sin g sim p le

d escrip tio n s o f DR. Th ey ap p ly also to h eav y sp ecies in g en eral su ch as tu n g sten io n s w h ich

are o f g reat im p o rtan ce fo r m ag n etic fu sio n p lasm as.

(So m e fi g u res in th is article are in co lo u r o n ly in th e electro n ic v ersio n )

1 . I n t r o d u c t io n

Tin p lasm as are a k een in terest o f stu d y as an

ex trem e u ltrav io let (EUV ) lig h t so u rce fo r n ex t-g en eratio n

m icro lith o g rap h y [1]. Usab le w av elen g th s are rath er restricted

d u e to m irro r ab so rp tio n , etc. Su itab le em issio n aro u n d

13.5 n m is p articu larly in ten se fro m Sn 7+ th ro u g h Sn 12+

io n s [2]. It is d o m in ated b y th e 4p 64d q
− 4p 64d (q−1)4f +

4p 54d (q+1) u n reso lv ed tran sitio n array . Su ch an arran g em en t

4 Presen t ad d ress: Harv ard -Sm ith so n ian Cen ter f o r Astro p h y sics, 60 Gard en

Street, Cam b rid g e, MA 02138, USA.

o f co n fi g u ratio n s is su b jected to stro n g co n fi g u ratio n -m ix in g

w h ich lead s to a sp ectacu lar q u en ch in g o f th e u n m ix ed sp ectra

[3, 4]. Mo d ellin g su ch em issio n req u ires k n o w led g e o f th e tin

io n iz atio n b alan ce. Th e d o m in an t reco m b in atio n m ech an ism

is d ielectro n ic. Its accu rate d escrip tio n is so m ew h at

d em an d in g d u e to th e co m p lex ity o f th e co n fi g u ratio n s

in v o lv ed — th e o p en d -su b sh ell targ ets. Th e o n ly d etailed

calcu latio n w e can fi n d is o n Sn 10+ [5] w h ich m ad e u se o f

th e fl ex ib le ato m ic co d e (FAC) [6].

Heav y sp ecies are also o f p articu lar in terest to m ag n etic

fu sio n an d esp ecially ITER [7]. A tin -co ated p ro b e h as b een
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u sed o n th e Meg a Am p Sp h erical To k o m ak to stu d y h eav y

sp ecies m ark ers fo r ero sio n tran sp o rt d iag n o stics [8]. Th e

m ain h eav y sp ecies fo r ITER w ill b e tu n g sten . It is in

th is co n tex t th at Ballan ce et al [9] stu d ied th e d ielectro n ic

reco m b in atio n (DR) o f W35+— w h ich is iso electro n ic w ith

Sn 11+. Th ey carried o u t calcu latio n s u sin g th ree d ifferen t

m eth o d s, n am ely Dirac R-m atrix clo se-co u p lin g , Breit–

Pau li p ertu rb atio n th eo ry (v ia th e AUTOSTRUCTURE co d e)

an d co n fi g u ratio n av erag e (CA). Th e CA to tal DR rate

co effi cien ts w ere o n ly 10–15% larg er th an th o se o b tain ed

fro m p ertu rb atio n th eo ry w h ile th e R-m atrix o n es w ere ∼ 20%

sm aller th an p ertu rb atio n th eo ry ’s. Co n fi g u ratio n -m ix in g

w as o m itted fro m th e lev el-reso lv ed calcu latio n s as it w as

to o d em an d in g co m p u tatio n ally . (Th e CA m eth o d ‘ o m its’

co n fi g u ratio n -m ix in g f u n d am en tally .) It is o f in terest to see

h o w w ell th e CA m eth o d fares o n ce co n fi g u ratio n -m ix in g

is tak en in to acco u n t b y th e d etailed (p ertu rb atio n th eo ry )

calcu latio n s. Th e CA d escrip tio n o f DR is v ery effi cien t an d

can b e ap p lied easily to all io n iz atio n stag es o f tin an d tu n g sten

an d can tak e acco u n t o f all sig n ifi can t reco m b in atio n p ath w ay s

co n fi g u ratio n reso lv ed . It is also an im p ro v em en t o v er th e

p resen t m o d ellin g u sag e o f av erag e-ato m rate co effi cien ts—

th ese w ere n early a facto r o f 2 larg er th an CA fo r W35+ at

ty p ical m ag n etic fu sio n p lasm a tem p eratu res [9].

Recen t d ev elo p m en ts in th e AUTOSTRUCTURE co d e h av e

sig n ifi can tly red u ced its m em o ry req u irem en t f o r co m p lex

h eav y sp ecies [10] an d it is n o w p o ssib le to treat DR v ia th e

4p 64d q
− 4p 64d (q−1)4f + 4p 54d (q+1) tran sitio n array s f o r q =

1–10 in a fu ll co n fi g u ratio n -m ix ed lev el-reso lv ed Breit–Pau li

calcu latio n u sin g k ap p a-av erag ed relativ istic w av efu n ctio n s.

Th is o p en s u p its ap p licatio n m o re w id ely to tech n ical, f u sio n

[11] an d astro p h y sical p lasm as [12] in v o lv in g h eav y sp ecies—

w h ich w e tak e to b e elem en ts o f th e p erio d ic tab le w h ich lie

b ey o n d z in c.

It is d esirab le also to co n sid er an ad d itio n al ap p ro ach

w h ich falls b etw een th e f u ll lev el-reso lv ed an d co n fi g u ratio n -

av erag ed o n es— th e Bu rg ess–Beth e [13]. Th is ap p ro ach is th e

o n e u sed b y th e ato m ic d ata an d an aly sis stru ctu re (ADAS)

[14] fo r its b as eline d escrip tio n o f DR. Th e b as eline ap p ro ach

is th e o n e u sed f o r th e co llisio n al–rad iativ e m o d ellin g o f h eav y

sp ecies fo r m ag n etic fu sio n [8]. Th e Bu rg ess–Beth e m eth o d

[13] treats DR in an u n co u p led rep resen tatio n (b etw een th e

targ et an d co llid in g /Ry d b erg electro n ) an d th u s is ab le to tak e

acco u n t o f co n fi g u ratio n -m ix in g in th e N-electro n targ et/co re

alo n e. Th u s, it is su p erio r to th e CA m eth o d an d m u ch

less d em an d in g co m p u tatio n ally th an th e f u ll lev el-reso lv ed

p ertu rb atio n ap p ro ach o f AUTOSTRUCTURE w h ich d escrib es

(N + 1)-electro n co n fi g u ratio n -m ix in g in th e DR p ro cess.

Th e o rig in al im p lem en tatio n in th e Bu rg ess–Beth e g en eral

p ro g ram (BBGP) w as th e b asis f o r th e sem in al Bu rg ess g en eral

f o rm u la (GF) [15]. It h as u n d erg o n e sig n ifi can t en h an cem en t

to treat ‘altern ativ e’ p ath w ay s [16] w h ich w ere n o t d escrib ed

b ack th en .

Th e o u tlin e o f th e p ap er is as fo llo w s: in

sectio n 2, w e d escrib e b riefl y th e th eo ry b eh in d th e

p ertu rb ativ e treatm en t o f DR as it is im p lem en ted in

th e AUTOSTRUCTURE co d e, th e BBGP an d th e CA; in

sectio n 3, w e co m p are resu lts fro m th ese th ree d ifferen t

m eth o d s; in sectio n 4, w e recap itu late; an d in sectio n 5,

w e d raw so m e co n clu sio n s.

2 . T h e o r y

Th e p artial DR rate co effi cien t αz
f i fro m an in itial state i o f an

io n X+z in to a reso lv ed fi n al state f o f an io n X+z−1 is g iv en

b y

αz
f i(T ) =

(

4π a 2
0IH

kBTe

)3/2
∑

j

ωj

2ωi

e−Ec/(kBTe)

×

∑

l A
a
j→i,Ecl

Ar
j→f

∑

h Ar
j→h +

∑

m,l A
a
j→m,Ecl

(1)

in th e iso lated reso n an ce ap p ro x im atio n [13]. Here, ωj is

th e statistical w eig h t o f th e (N + 1)-electro n d o u b ly ex cited

reso n an ce state j , ωi is th e statistical w eig h t o f th e N-electro n

targ et state (so z = Z − N ) an d th e au to io n iz atio n (Aa) an d

rad iativ e (Ar) rates are in in v erse seco n d s. Ec is th e en erg y

o f th e co n tin u u m electro n (w ith o rb ital an g u lar m o m en tu m l)

w h ich is fi x ed b y th e p o sitio n o f th e reso n an ces an d IH is th e

io n iz atio n p o ten tial en erg y o f th e h y d ro g en ato m (b o th in th e

sam e u n its o f en erg y ), kB is th e Bo ltz m an co n stan t, Te is th e

electro n tem p eratu re an d
(

4π a 2
0

)3/2
= 6.6011 × 10−24 cm 3.

Th e sp ectro sco p ic m o d ellin g o f fi n ite-d en sity p lasm as

req u ires fi n al-state reso lu tio n so as to tak e acco u n t o f th e

co llisio n al red istrib u tio n o f th e fi n al state. Th is is b ey o n d

th e sco p e o f th is p ap er an d so all o f th e resu lts th at w e p resen t

are fo r th e to tal reco m b in atio n rate co effi cien t, i.e. su m m ed

o v er all f th at are stab le ag ain st au to io n iz atio n .

Eq u atio n (1) is ap p licab le to all th ree m eth o d s th at w e

co n sid er. Th e d ifferen ce lies in th e in terp retatio n o f th e state

rep resen tatio n : lev el reso lv ed , u n co u p led p aren t-p lu s-electro n

o r co n fi g u ratio n .

2 .1 . Imp lementatio n

All th ree m eth o d s in clu d e o n ly th e electric d ip o le rad iatio n

o p erato r in th e DR p ro cess. AUTOSTRUCTURE d escrib es arb itrary

Ek an d Mk m u ltip o les b u t th ey are o f n eg lig ib le im p o rtan ce

fo r to tal DR rate co effi cien ts. All th ree m eth o d s in clu d e

o n ly th e electro static o p erato r to d escrib e au to io n iz atio n .

AUTOSTRUCTURE d escrib es b o th th e tw o -b o d y fi n e- an d n o n -

fi n e-stru ctu re o p erato rs o f th e Breit–Pau li Ham ilto n ian as w ell.

Th ey can b e n eg lected h ere.

2 .1 .1 . AUTOSTRUCTURE. Th e state lab els are lev els an d are

read ily in terp retab le in th e u su al sen se. Ex p licit ex p ressio n s

f o r th e au to io n iz atio n rate m ay b e fo u n d in [17] an d th e

rad iativ e rate in [18].

Calcu latio n s w ere carried o u t f o r Ry d b erg nl u p to n =

100 an d l = 7 so as to co n v erg e th e to tal DR rate co effi cien ts

to ∼ 1% . We in clu d ed th e th ree targ et co n fi g u ratio n s o f

th e title w h ich are th en co u p led to Ry d b erg an d co n tin u u m

electro n s. We also in clu d ed all (N + 1)-electro n b o u n d -

o rb ital co n fi g u ratio n s th at resu lt fro m ad d in g an n = 4 o rb ital

to th e targ et co n fi g u ratio n s. Th is d escrib es o u ter electro n

rad iatio n in to th e co re. Rad iatio n fro m n → n′ > 5 is treated

2
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h y d ro g en ically . Th is is th e o n ly ad d itio n al ap p ro x im atio n to

th e Breit–Pau li lev el-reso lv ed iso lated reso n an ce ap p ro ach .

We n o te th at w e fo rm th e N- an d (N + 1)-electro n

in teractio n Ham ilto n ian s ex p licitly all th e w ay u p to n = 100

o n m ak in g u se o f th e co rresp o n d en ce p rin cip le. Th is en ab les

u s to g en erate au to io n iz atio n rates fo r ch an n els w h ich d o n o t

o p en u p u n til h ig h n (e.g . n = 40). Th ese au to io n iz in g

tran sitio n s b etw een fi n e-stru ctu re lev els5 stro n g ly su p p ress

reco m b in atio n th ro u g h th e h ig h -n states. Ex trap o latio n o f

au to io n iz atio n rates fro m lo w n (e.g . n = 15) o m its th ese

ch an n els an d can lead to a su b stan tial o v erestim ate o f th e h ig h -

tem p eratu re (to tal) DR rate co effi cien ts. Th ere is a co n v erse

effect. If th e g ro u n d term sp lits in to fi n e-stru ctu re lev els, th en

lo w -tem p eratu re DR can b e en h an ced sig n ifi can tly b y th ese

h ig h -n d ielectro n ic cap tu res . It is a h ig h ly ch arg ed io n effect

sin ce th e rad iativ e stab iliz atio n is b y th e Ry d b erg electro n to a

larg e set o f tru e b o u n d states b u ilt u p o n ex cited p aren ts [19].

We u se th e k ap p a-av erag ed relativ istic o rb ital ap p ro x im a-

tio n [20] b u t w ith a self-co n sisten t CA m o d el p o ten tial [21]

rath er th an th e Hartree–Fo ck relativ istic (HFR) [20]. Th e re-

q u ired o ccu p atio n n u m b ers are th e av erag e o f th e th ree targ et

co n fi g u ratio n s w ith th e ap p ro p riate self-in teractio n o m itted f o r

each o rb ital, i.e. th e p o ten tials are slig h tly d ifferen t f o r each

o rb ital. Th e k ap p a-av erag ed ap p ro ach in h eren tly g iv es rise to

n o n -o rth o g o n al o rb itals an d so th ere is n o th in g to b e g ain ed

b y u sin g a u n iq u e m o d el p o ten tial. We n eg lect th e sm all co m -

p o n en t o f th e Dirac sp in o r.

Th e ad v an tag es o f th is ap p ro ach are th at all p o ssib le

p ath w ay s are d escrib ed lev el reso lv ed w ith f u ll co n fi g u ratio n -

m ix in g in b o th th e N- an d (N + 1)-electro n b o u n d o rb ital

co n fi g u ratio n s. Th e d isad v an tag e is th at it is co m p u tatio n ally

d em an d in g an d so p laces restrictio n s o n th e n u m b er o f N-

electro n co n fi g u ratio n s u sed to d escrib e th e p ro b lem . It is

larg ely a m em o ry lim itatio n . Each Ry d b erg nl is treated

sep arately an d th e co d e is alread y p arallel b y l. Th e w all clo ck

tim e co u ld b e red u ced f u rth er b y p aralleliz atio n in n. Th e tren d

o f m o d ern co m p u ters is to w ard s m assiv e p aralleliz atio n b u t

w ith relativ ely sm all m em o ry p er p ro cesso r. No d e m em o ry

is th en f u lly u sed w ith o u t f u ll u tiliz atio n o f th e av ailab le

p ro cesso rs.

2 .1 .2 . B B G P . Th e state lab els are targ et/p aren t lev els

u n co u p led to th e Ry d b erg /co n tin u u m electro n in a b u n d led -

nl rep resen tatio n . Ex p licit ex p ressio n s f o r th e rad iativ e

an d au to io n iz atio n rates m ay b e fo u n d in [16]. Th ey are

g iv en in term s o f an L S -co u p lin g rep resen tatio n b u t are

read ily reco u p led to L S J . Th e u se o f th e Beth e (d ip o le)

ap p ro x im atio n f o r th e au to io n iz atio n rates g reatly sim p lifi es

eq u atio n (1). It red u ces th e p ro b lem to an N-electro n

d escrip tio n f o r th e rad iativ e rates p lu s rap id ly ev alu ated

h y d ro g en ic b o u n d -free rad ial in teg rals. Th e in accu racy o f

th e Beth e ap p ro x im atio n f o r lo w l is o v erco m e th ro u g h th e

in tro d u ctio n o f ‘ u n iv ersal’ co rrectio n facto rs. Th e co rrectio n

facto rs an d th eir u se h av e b een im p ro v ed u p o n o v er th e

y ears. Th e p resen t BBGP im p lem en tatio n [16] also allo w s

f o r altern ate Au g er b reak u p an d p aren t rad iativ e tran sitio n

5 Th e au to io n iz atio n in teractio n itself is still th e Co u lo m b electro static.

p ath w ay s th at w ere n o t p art o f th e o rig in al o n e b y Bu rg ess [13].

A fu rth er refi n em en t is p o ssib le if (th resh o ld ) d isto rted w av e

p artial co llisio n stren g th s are av ailab le fro m so m e ex tern al

so u rce su ch as th e n ew d ev elo p m en t in AUTOSTRUCTURE [10].

No n -d ip o le au to io n iz atio n p ath w ay s can b e d escrib ed as w ell

th en an d th e d ip o le rates can u se ex p licit co rrectio n facto rs

in stead o f th e ‘ u n iv ersal’ o n es. Th e p resen t w o rk is restricted

to d ip o le tran sitio n s o n ly .

Calcu latio n s w ere carried o u t to co n v erg en ce o f th e

Ry d b erg nl su m (ty p ically to n = 1000 an d l = 15) fo r

b o th 1np = 0 an d 1np = 1 d ip o le p ro m o tio n s fro m th e

in itial g ro u n d co n fi g u ratio n . Th e b o u n d -state w av efu n ctio n s,

rad iativ e rates an d en erg ies are d eterm in ed in th e HFR

ap p ro x im atio n [20] u sin g a m o d ifi ed v ersio n o f th e RCN co d e

d ev elo p ed b y Co w an [21].

Th e ad v an tag es o f th e BBGP ap p ro ach are its ab ility to

d eterm in e rap id ly th e relativ e co n trib u tio n s fro m all p o ssib le

reco m b in atio n p ath w ay s f o r arb itrary co m p lex io n s an d its

in clu sio n o f N-electro n co n fi g u ratio n -m ix in g . Lim itatio n s o f

th e BBGP ap p ro ach are th e restrictio n to d ip o le au to io n iz in g

tran sitio n s u n less ex tern al d isto rted w av e d ata are av ailab le

an d th e n eg lect o f (N + 1)-electro n co n fi g u ratio n -m ix in g .

2 .1 .3 . C A . Th e state lab els are co n fi g u ratio n s an d so ωi an d

ωj are th e to tal statistical w eig h ts o f th e N- an d (N + 1)-

electro n co n fi g u ratio n s. Th e CA ap p ro x im atio n m eth o d

referred to h ere is an a p r io r i an aly tic av erag e. Th is is

n o t to b e co n f u sed w ith th e a p o s ter io r n u m erical av erag e

o f term /lev el-reso lv ed (co n fi g u ratio n -m ix ed ) ato m ic d ata fo r

su b seq u en t ‘CA’ m o d ellin g . Ex p licit ex p ressio n s f o r th e CA

rates u sed h ere m ay b e fo u n d in [22, 23]. Th e p ro g ram

im p lem en tatio n DRACULA (DR av erag e co n fi g u ratio n u sin g

lo cal ap p ro x im atio n ) h as b een ex ten siv ely rev ised recen tly [9]

to h an d le u p to eig h t o p en su b sh ells an d f o r a m o re ro b u st

treatm en t o f h ig h -nl rates.

Th e p resen t calcu latio n s w ere carried o u t u p to n = 1000

an d l = 12. Th e b o u n d -state w av efu n ctio n s an d en erg ies are

d eterm in ed in th e HFR ap p ro x im atio n [20] u sin g a slig h tly

m o d ifi ed v ersio n o f th e latest RCN co d e (Mo d 36) d ev elo p ed

b y Co w an [21].

Th e m ain ad v an tag e o f th e CA ap p ro ach is its ab ility

to d eterm in e rap id ly th e relativ e co n trib u tio n s fro m all

p o ssib le reco m b in atio n p ath w ay s f o r arb itrary co m p lex io n s.

Lim itatio n s o f th e ap p ro ach an d /o r im p lem en tatio n are as

fo llo w s: a co n fi g u ratio n w h ich strad d les th e io n iz atio n

lim it m u st b e tak en to b e eith er b o u n d o r au to io n iz in g ,

au to io n iz atio n w ith in a co re co n fi g u ratio n (e.g . 4d qnl → 4d q +

e−) is o m itted an d co n fi g u ratio n -m ix in g is n o t rep resen ted in

an y w ay .

2 .2 . C o nfi g u r atio n-mix ing

We d em o n strate th e stro n g m ix in g b etw een th e 4p 64d (q−1)4f

an d 4p 54d (q+1) co n fi g u ratio n s. We ch o o se to d o so f o r Sn 10+

(q = 4) sin ce it (alo n g w ith Sn 11+) is th e stro n g est em itter

[2] aro u n d 13.5 n m . Sim ilar effects o ccu r f o r all q co n sid ered

h ere. In fi g u re 1, w e sh o w th e to tal lin e stren g th em issio n as a

fu n ctio n o f w av elen g th . We h av e co n v o lu ted it w ith a 0.01 n m

3
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F ig u r e 1 . To tal lin e stren g th em issio n in Sn 10+ as a fu n ctio n o f th e
w av elen g th co n v o lu ted w ith a 0.01 n m FWHM Gau ssian . Th e to p
sp ectru m is fro m th e 4p –4d array an d th e m id d le o n e fro m th e 4d –4f
array an d w h ere each h as b een calcu lated sep arately . Th e b o tto m
sp ectru m is th e co n fi g u ratio n -m ix ed (4p 64d 34f w ith 4p 54d 5) su m o f
4p –4d an d 4d –4f . See th e tex t f o r d etails. All th is w o rk .

FWHM Gau ssian so as to facilitate co m p ariso n . We sh o w

th e em issio n fro m th e 4p 64d 34f an d 4p 54d 5 co n fi g u ratio n s

calcu lated sep arately an d fro m th e tw o m ix ed . Th e latter is

clearly n o t a su p erp o sitio n o f th e f o rm er tw o . Th e sp ectral

em issio n h as ch an g ed d ram atically . Su ch effects h av e b een

o b serv ed b efo re— in Pr21+ f o r ex am p le [4]. It is im p o rtan t to

rem em b er th at th e to tal lin e stren g th em issio n su m m ed o v er all

w av elen g th s is u n ch an g ed sin ce th e o n ly d ifferen ce b etw een

th e tw o su m s is a p u re u n itary tran sf o rm atio n . Hig h er o rd er

en erg y m o m en ts w o u ld d iffer so m ew h at sin ce th e d ifferin g

w av elen g th s th en co m e in to p lay .

We co n sid er n o w th e im p licatio n f o r DR as d escrib ed

b y eq u atio n (1). Au to io n iz atio n rates can b e ex p ected to

b e ch an g ed m ark ed ly b y co n fi g u ratio n -m ix in g in a sim ilar

fash io n to th e rad iativ e rates. Th is is ex em p lifi ed b y th e

Beth e ap p ro x im atio n as w e h av e n o ted alread y . If all

au to io n iz in g lev els satisf y eith er Ar
¿ Aa o r Ar

À Aa,

th en to a fi rst ap p ro x im atio n 6 all Au g er y ield s o r fl u o rescen ce

y ield s are u n ity . Th e to tal DR rate co effi cien t is u n ch an g ed

th en b y th e u n itary co n fi g u ratio n -m ix in g tran sf o rm atio n sav e

fo r th e ex p o n en tial facto r. Th e ex p o n en tial is u n ity at

h ig h tem p eratu res. At lo w tem p eratu res an y n ear th resh o ld

au to io n iz in g lev els w ill h av e th eir relativ e p o sitio n ch an g ed

d ram atically b y co n fi g u ratio n -m ix in g w ith in th e co re. Th e

en erg y facto r th en ch an g es ex p o n en tially . Th e ch an g e in

w av elen g th in fi g u re 1 is d u e p u rely to ch an g es in p o sitio n o f

th e u p p er lev el. Th e p o sitio n o f th e lo w er lev els is u n affected

sin ce w e co n sid er o n ly electric d ip o le tran sitio n s.

Th e effect o f co n fi g u ratio n -m ix in g o n th e to tal DR rate

co effi cien t th en d ep en d s o n th e d eg ree to w h ich th e ab o v e

co n d itio n s are v io lated . In d iv id u al p artial fi n al-state reso lv ed

6 It also d ep en d s o n (th e su m o v er) i, f, h an d m— see th e d etailed stu d y b y

Co w an an d Griffi n [24] fo r f u rth er d etails.
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F ig u r e 2 . CA DR co n trib u tio n s f o r Sn 11+. 1n = 0 d en o tes th e su m
o f th e 4l–4l′ co n trib u tio n s an d 1n = 1 d en o tes th e su m o f th e
4l–5l′. ‘To t.’ d en o tes th e su m o f th e 1n = 0 an d 1n = 1. See th e
tex t f o r d etails. All th is w o rk .

DR rate co effi cien ts can b e ex p ected to ch an g e d ram atically

alo n g th e lin es illu strated in fi g u re 1. Th ese are n ecessary

f o r sp ectral d iag n o stics an d fi n ite-d en sity co llisio n al–rad iativ e

m o d ellin g .

3 . R e s u lt s

We estab lish fi rst th e d o m in an t co n trib u tio n s to th e tin DR

rate co effi cien ts u sin g th e CA m eth o d an d th en co m p are

an d co n trast th em w ith th e resu lts o f o u r lev el-reso lv ed

calcu latio n s. We stu d y Sn 11+ fi rst sin ce th is is iso electro n ic

w ith W35+ an d so w e can co m p are an d co n trast w ith th e

fi n d in g s o f [9]. Nex t, w e lo o k at th e lo w er ch arg e en d an d

th e case o f Sn 7+. We th en co n sid er th e rem ain in g io n s o f

in terest as an EUV lig h t so u rce: Sn 8+–Sn 10+, Sn 12+ an d Sn 13+.

Th e lo w est ch arg e 4d q (q = 8–10) Sn io n s are also co n sid ered

sin ce th ey are o f in terest in estab lish in g th e io n iz atio n b alan ce

fo r m ag n etic fu sio n d iag n o stics: th e clo sed -su b sh ell case o f

Sn 4+ is stu d ied in d etail.

3 .1 . S n11+

In fi g u re 2, w e sh o w th e CA resu lts f o r th e to tal co n trib u tio n

fro m 1n = 0 an d 1n = 1 p ro m o tio n s fro m th e g ro u n d

co n fi g u ratio n (4p 64d 3).7 We also sh o w th e co n trib u tio n fro m

th e d ip o le p ro m o tio n s alo n e, n am ely 4p –4d p lu s 4d –4f . We

see th at th e 1n = 1 co n trib u tio n is n eg lig ib le fro m a p lasm a

m o d ellin g p ersp ectiv e— it is at m o st 10% at th e p o in t w h ere

th e 1n = 0 co n trib u tio n h as a m in im u m . We also see th at th e

d ip o le p ro m o tio n s d o m in ate th e 1n = 0 co n trib u tio n . Bo th o f

th ese resu lts are in co n trast to th e b eh av io u r seen f o r W35+ [9].

Th e d ifferen ce in ch arg e state ex p lain s b o th tren d s an d th ey

are also seen in L- an d M-sh ell DR: a h ig h er ch arg e state lead s

to relativ ely larg er rad iativ e rates co m p ared to au to io n iz atio n

7 Th e d istin ctio n b etw een 1n = 0 an d 1n = 1 o n en erg y g ro u n d s starts to

b eco m e b lu rred at th ese ch arg e states.

4
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F ig u r e 3 . CA n = 4–4 DR co n trib u tio n s f o r Sn 11+. 1n = 0 d en o tes
th e su m (l, l′) o f th e 4l–4l′ co n trib u tio n s w h ich are sh o w n
in d iv id u ally . (Th e 4s–4d is o ff th e b o tto m o f th e g rap h — i.e.
n eg lig ib le.) See th e tex t f o r d etails. All th is w o rk .

as w ell as to co re-ex cited states su p p o rtin g m o re tru e b o u n d

states. In th e case o f W35+, th e n o n -d ip o le p ro m o tio n 4p –4f

co n trib u ted ab o u t a th ird o f th e 1n = 0 co n trib u tio n b ecau se

th e co re rad iativ e stab iliz atio n 4f –4d led to tru e b o u n d states

o f th e f o rm 4p 54d 4nl (f o r n = 8–10 d ep en d in g o n l). Few er

su ch states co n trib u te at lo w er ch arg e. Th e n et resu lt can b e

seen in fi g u re 3 w h ere w e sh o w th e co n trib u tio n s fro m 4l–4l′.

We see th at th e n o n -d ip o le 4p –4f p ro m o tio n m ak es a n o n -

n eg lig ib le co n trib u tio n o n ly w h ere th ere is a m in im u m in th e

d ip o le co n trib u tio n . Th ese relativ e co n trib u tio n s sh o u ld b e

co n trasted w ith th o se o f [9], fi g u re 3. Sim ilar b eh av io u r is

seen f o r th e 1n = 1 p ro m o tio n s sh o w n in fi g u re 4. Th e d ip o le

p ro m o tio n s 4p –5s an d 4d –5p d o m in ate an d th is is in co n trast

to th at seen f o r W35+— see [9] fi g u re 5.
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F ig u r e 4. CA DR co n trib u tio n s f o r Sn 11+ (a) n = 4p –5l an d (b ) n = 4d –5l. ‘Su m ’ d en o tes th e su m o v er l o f th e 4p , 4d –5l co n trib u tio n s
w h ich are sh o w n in d iv id u ally . (Th e 4p , 4d –5g are o ff th e b o tto m o f th e g rap h .) See th e tex t f o r d etails. All th is w o rk .

We n o w tu rn to co m p arin g lev el-reso lv ed resu lts fro m

AUTOSTRUCTURE w ith th o se fro m th e CA. We calcu lated th e

4p –4d an d 4d –4f sep arately fi rst so as to o m it th e stro n g

co n fi g u ratio n -m ix in g . Th e q u estio n arises th en as to w h ich

in itial lev els to av erag e o v er. In [9] it is arg u ed th at it is

u n lik ely th at ju st th e g ro u n d lev el is p o p u lated in a co llisio n al

p lasm a. Th u s, th ey av erag ed o v er all in itial lev els o f th e

g ro u n d co n fi g u ratio n an d stated th at ‘ th is allo w ed f o r a d irect

co m p ariso n w ith th e CADW resu lts an d also sh o u ld b e m o re

ap p ro p riate fo r m o d ellin g ’ . We ag ree th at ex cited lev els

m ay w ell h av e sig n ifi can t p o p u latio n s b u t it rem ain s to b e

d eterm in ed w h eth er th ey are in an y w ay statistical— ex cep t

p erh ap s f o r th e case o f th e fi n e-stru ctu re lev els w ith in a term .

It is also h ard to say w h ich is m o re ap p ro p riate fo r co m p arin g

w ith CA. Th e CA m eth o d can n o t d escrib e re-au to io n iz atio n

in to altern ativ e co n tin u a o f th e g ro u n d co n fi g u ratio n — th ere is

o n ly o n e. In th e lev el-reso lv ed case d ielectro n ic cap tu re fro m

th e g ro u n d lev el can re-au to io n iz e in to p ro g ressiv ely ex cited

co n tin u a o n ly fro m in creasin g ly larg e n. Bu t d ielectro n ic

cap tu re fro m an ex cited lev el can alw ay s re-au to io n iz e to th e

co n tin u u m o f th e g ro u n d lev el. Th e n et resu lt is th at DR

fro m in creasin g ly ex cited in itial lev els is in creasin g ly sm aller

th an th at fro m th e g ro u n d lev el. Wh ich is a m o re m ean in g f u l

co m p ariso n w ith th e CA is n o t clear.

In fi g u re 5, w e p resen t o u r ‘ u n m ix ed ’ 4p –4d an d 4d –4f

co n trib u tio n s fro m AUTOSTRUCTURE av erag ed o v er ju st th e

statistical w eig h t o f th e g ro u n d lev el as w ell as fo r th e w h o le

co n fi g u ratio n — th e f o rm er b ein g 50% larg er th an th e latter at

th e h ig h tem p eratu re p eak . Th e CA resu lts f o r 4p −4d an d

4d −4f are 30% an d 60% larg er th an th e AUTOSTRUCTURE o n es

av erag ed o v er th e in itial g ro u n d lev el. Th ey are ju st o v er

a facto r o f 2 larg er th an th e AUTOSTRUCTURE resu lts av erag ed

o v er all lev els o f th e g ro u n d co n fi g u ratio n . (Th e larg e lo w -

tem p eratu re co n trib u tio n s h av e a m o d est in fl u en ce o f ∼10%

at th e h ig h -tem p eratu re p eak . Disco u n tin g th em slig h tly

in creases th e CA ‘o v erestim ate’ sin ce its lo w tem p eratu re

5
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F ig u r e 5. DR 4p –4d an d 4d –4f co n trib u tio n s f o r Sn 11+. So lid (red )
cu rv es: CA; lo n g -d ash ed (g reen ) cu rv es: AUTOSTRUCTURE av erag ed
o v er th e in itial g ro u n d lev el o n ly ; sh o rt-d ash ed (b lu e) cu rv es:
AUTOSTRUCTURE av erag ed o v er all lev els o f th e g ro u n d co n fi g u ratio n .
Fo r each p air o f cu rv es th e u p p er co rresp o n d s to th e 4p –4d
co n trib u tio n an d th e lo w er o n e to th e 4d –4f co n trib u tio n . See th e
tex t f o r d etails. All th is w o rk .

co n trib u tio n is sm aller.) Th e clo ser ag reem en t o f th e

CA resu lts w ith th o se fo r av erag in g o v er o n ly th e g ro u n d

lev el is p resu m ab ly sin ce th is ‘ m in im iz es’ th e su p p ressio n

b y au to io n iz atio n in to ex cited states. Fro m a m o d ellin g

p ersp ectiv e w e w o u ld n eed to ex am in e th e co llisio n al(–

rad iativ e) ex citatio n rates so as to d eterm in e w h ich o f th e

in itial lev els w ere p o p u lated sig n ifi can tly . With in itial-lev el-

reso lv ed DR d ata to h an d th en w e can tailo r it to th e lo cal

p lasm a co n d itio n s.

We n ex t co n sid er th e in clu sio n o f b o th d ip o le p ro m o tio n s

in th e sam e AUTOSTRUCTURE calcu latio n . We fi n d a n et

in crease in th eir to tal rate co effi cien t o f o n ly 10% at

th e h ig h -tem p eratu re p eak co m p ared to su m m in g th e tw o

treated sep arately . Th is is a co m b in atio n o f th e effects

o f co n fi g u ratio n -m ix in g an d th e ad d itio n al au to io n iz atio n

ch an n els b etw een th e tw o ex cited co n fi g u ratio n s. Un itarity

h as a sig n ifi can t ro le in su p p ressin g d ifferen ces d u e to m ix in g

in to tal rate co effi cien ts. Th is is less so f o r th e case o f fi n al-

state reso lv ed p artial rate co effi cien ts.

In fi g u re 6, w e co m p are o u r co n fi g u ratio n -m ix ed lev el-

reso lv ed AUTOSTRUCTURE resu lts w ith th e to tal rate co effi cien ts

fro m th e BBGF an d CA m eth o d s. Th e fi rst tw o sets o f resu lts

are av erag ed o v er th e in itial g ro u n d lev el an d th e latter tw o

in clu d e all sig n ifi can t p ro m o tio n s. Th e th ree sets o f resu lts

h av e v ery d ifferen t lo w -tem p eratu re co n trib u tio n s. Th is is

n o t su rp risin g b u t it slig h tly co m p licates co m p ariso n s m ad e at

th e h ig h -tem p eratu re p eak . We can estim ate th e co n trib u tio n

f o r th e tin io n s co n sid ered in th is p ap er as fo llo w s b ased o n

th e relev an t scalin g s w ith tem p eratu re illu strated b y eq u atio n

(1): w e tak e th e rate co effi cien t at ∼10 eV an d red u ce it b y

a facto r o f 10, an d th en tak e th is to b e th e estim ate o f th e

lo w -tem p eratu re co n trib u tio n to th e h ig h -tem p eratu re p eak at

∼50 eV . Ab o u t 8% o f th e AUTOSTRUCTURE to tal arises th is w ay
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F ig u r e 6. To tal DR rate co effi cien ts f o r Sn 11+. So lid (red ) cu rv e:
CA; lo n g -d ash ed (g reen ) cu rv e: AUTOSTRUCTURE av erag ed o v er th e
in itial g ro u n d lev el; sh o rt-d ash ed (b lu e) cu rv e: BBGP av erag ed o v er
th e in itial g ro u n d lev el; d o tted (p u rp le) cu rv e; Bu rg ess GF. All th is
w o rk .

w h ile it is n eg lig ib le f o r th e BBGP an d CA resu lts. Th is

‘ad d itio n al’ AUTOSTRUCTURE co n trib u tio n ro u g h ly can cels th e

co n trib u tio n fro m th e ‘ad d itio n al’ p ro m o tio n s in clu d ed in th e

BBGP an d CA resu lts o v er an d ab o v e th e f o rm er. Th en th e CA

resu lts are ab o u t 45% larg er an d th e BBGP 20% sm aller th an

th e AUTOSTRUCTURE resu lts at th e h ig h -tem p eratu re p eak . If w e

w ere to av erag e o v er all lev els o f th e g ro u n d co n fi g u ratio n ,

th en th e CA resu lts w o u ld n o w lie sig n ifi can tly h ig h er th an

th e o th er tw o sets— recall fi g u re 5. Resu lts fro m th e Bu rg ess

GF are also sh o w n . Th ese w ere d eterm in ed u sin g th e 4p –4d

an d 4d –4f o scillato r stren g th s fro m th e co n fi g u ratio n -m ix ed

lev el-reso lv ed AUTOSTRUCTURE targ et. Th e p eak tem p eratu re

resu lt is sim ilar to th e CA. We n o te th at all resu lts sh o w a larg e

v ariatio n at lo w tem p eratu res. Th e relev an t tem p eratu res o f

in terest f o r tech n ical p lasm as are 30–50 eV w h ile f o r m ag n etic

fu sio n p lasm as th ey are so m ew h at h ig h er at 100–200 eV .

In fi g u re 7, w e sh o w th e to tal co llisio n al–rad iativ e DR

rate co effi cien t as a fu n ctio n o f electro n d en sity as d eterm in ed

u sin g th e ADAS b as eline ap p ro ach , i.e. th e BBGP fo r DR.

Den sity effects are n eg lig ib le b elo w ∼ 1011 cm −3. As th e

d en sity in creases, step w ise io n iz atio n red u ces th e p eak rate

co effi cien t b y 20% at ∼ 1013 cm −3 an d b y n early a facto r o f 2

at ∼1015 cm −3.

3 .2 . S n7+

We fi n d th at m o v in g fro m Sn 11+ to Sn 7+ co n tin u es th e

iso electro n ic tren d n o ted o n co m p arin g an d co n trastin g resu lts

f o r Sn 11+ to W35+. (Th e g ro u n d co n fi g u ratio n s 4d 3 an d 4d 7 are

eq u iv alen t fro m an an g u lar m o m en tu m co u p lin g p ersp ectiv e.)

To illu strate: in fi g u re 8, w e sh o w th e CA resu lts f o r th e to tal

co n trib u tio n fro m 1n = 0 an d 1n = 1 p ro m o tio n s fro m

th e g ro u n d co n fi g u ratio n . Th e 1n = 0 d o m in ate th e h ig h -

tem p eratu re p eak an d th e 1n = 1 o n ly d o m in ate at v ery lo w

tem p eratu res b ecau se th ere is n o lo w -tem p eratu re co n trib u tio n

6
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F ig u r e 7 . To tal DR rate co effi cien ts f o r Sn 11+ as a fu n ctio n o f
electro n d en sity . So lid (red ) cu rv e: 1010 cm −3; lo n g -d ash ed (g reen )
cu rv e: 4.6 × 1011 cm −3; sh o rt-d ash ed (b lu e) cu rv e: 2.2 ×

1013 cm −3; d o tted (p u rp le) cu rv e; 1015 cm −3. See th e tex t f o r d etails.
All th is w o rk — see also Fo ster (2008).
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F ig u r e 8. CA DR co n trib u tio n s f o r Sn 7+. 1n = 0 d en o tes th e su m
o f th e 4l–4l′ co n trib u tio n s an d 1n = 1 d en o tes th e su m o f th e
4l–5l′. ‘To t.’ d en o tes th e su m o f th e 1n = 0 p lu s 1n = 1. See th e
tex t f o r d etails. All th is w o rk .

asso ciated w ith th e 1n = 0 p ro m o tio n f o r th is io n . With in

th e 1n = 0 co n trib u tio n s th e d ip o les are n o w co m p letely

d o m in an t— see fi g u re 9— an d th e sam e is tru e fo r 1n = 1

(n o t sh o w n ).

In fi g u re 10, w e co m p are o u r u n m ix ed 4p –4d an d 4d –4f

resu lts fro m AUTOSTRUCTURE w ith th o se fro m th e CA. Th e

CA resu lts are alread y aro u n d 80% larg er th an th o se fro m

AUTOSTRUCTURE av erag ed o v er th e g ro u n d lev el. Av erag in g

o v er all in itial lev els o f th e g ro u n d co n fi g u ratio n in creases th e

d ifferen ce to ab o u t a facto r o f 3.

In fi g u re 11, w e co m p are o u r co n fi g u ratio n -m ix ed lev el-

reso lv ed AUTOSTRUCTURE resu lts w ith th e to tal rate co effi cien ts

fro m th e BBGP an d CA m eth o d s. Th e co n fi g u ratio n -
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F ig u r e 9 . CA n = 4–4 DR co n trib u tio n s f o r Sn 7+. 1n = 0 d en o tes
th e su m (l, l′) o f th e 4l–4l′ co n trib u tio n s w h ich are sh o w n
in d iv id u ally . (Th e 4s–4l are o ff th e b o tto m o f th e g rap h .)
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F ig u r e 1 0 . DR 4p –4d an d 4d –4f co n trib u tio n s f o r Sn 7+. So lid (red )
cu rv es: CA; lo n g -d ash ed (g reen ) cu rv es: AUTOSTRUCTURE av erag ed
o v er th e in itial g ro u n d lev el o n ly ; sh o rt-d ash ed (b lu e) cu rv es:
AUTOSTRUCTURE av erag ed o v er all lev els o f th e g ro u n d co n fi g u ratio n .
Fo r each p air o f cu rv es th e lo w er co rresp o n d s to th e 4p –4d
co n trib u tio n an d th e u p p er o n e to th e 4d –4f co n trib u tio n . See th e
tex t f o r d etails. All th is w o rk .

m ix ed AUTOSTRUCTURE resu lt is o n ly 5% sm aller th an th e

su m o f th e u n m ix ed resu lts (n o t sh o w n ) at th e h ig h -

tem p eratu re p eak . Th e BBGP resu lts are ag ain so m ew h at

sm aller th an o u r o n es fro m AUTOSTRUCTURE. Th ey also sh o w a

larg e lo w -tem p eratu re co n trib u tio n w h ich so m ew h at im p ro v es

th e ag reem en t w ith th e AUTOSTRUCTURE resu lts at th e h ig h -

tem p eratu re p eak . Th e BBGP resu lts are ∼30% sm aller

th an th e AUTOSTRUCTURE o n es o n m ak in g an allo w an ce fo r

th is co n trib u tio n . Th e lo w -tem p eratu re v ariatio n o f th e rate

co effi cien ts is lik ely d u e to th e ‘ran d o m ’ p o sitio n in g o f n ear-

th resh o ld reso n an ces. Ou r u n m ix ed AUTOSTRUCTURE resu lts in

7
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F ig u r e 1 1 . To tal DR rate co effi cien ts f o r Sn 7+. So lid (red ) cu rv e:
CA; lo n g -d ash ed (g reen ) cu rv e: AUTOSTRUCTURE av erag ed o v er th e
in itial g ro u n d lev el; sh o rt-d ash ed (b lu e) cu rv e: BBGP av erag ed o v er
th e in itial g ro u n d lev el; d o tted (p u rp le) cu rv e; Bu rg ess GF. All th is
w o rk .

fi g u re 10 sh o w a co m p arab ly larg e co n trib u tio n b u t p eak ed at

a lo w er tem p eratu re. Th e CA resu lts h av e a n eg lig ib le lo w -

tem p eratu re co n trib u tio n an d are n early a facto r o f 2 larg er

th an th e AUTOSTRUCTURE resu lts at th e h ig h -tem p eratu re p eak

an d are o n ly a m arg in al im p ro v em en t o v er th e resu lts o f th e

Bu rg ess GF h ere.

3 .3 . S n8+– S n10+

In fi g u res 12–14, w e co m p are o u r co n fi g u ratio n -m ix ed lev el-

reso lv ed AUTOSTRUCTURE resu lts w ith th e to tal rate co effi cien ts

fro m th e BBGP m eth o d f o r Sn 8+, Sn 9+ an d Sn 10+, resp ectiv ely .

We co m p are also w ith CA resu lts o b tain ed fro m in clu d in g ju st

th e 4p –4d an d 4d –4f p ro m o tio n s n o w . Th ese are th e sam e

p ro m o tio n s as in clu d ed in th e AUTOSTRUCTURE an d Bu rg ess GF

resu lts.

3 .3 .1 . S n8+. Th e AUTOSTRUCTURE, BBGP an d CA resu lts all

h av e sim ilar lo w -tem p eratu re co n trib u tio n s. Th e BBGP resu lts

lie 40% b elo w , th e CA 55% ab o v e an d th e GF 80% ab o v e th e

AUTOSTRUCTURE o n es.

3 .3 .2 . S n9+. Th e v ery larg e lo w -tem p eratu re co n trib u tio n in

th e AUTOSTRUCTURE resu lts p u sh es th e h ig h -tem p eratu re p eak

(in as m u ch as th ere is o n e) clo se to th at o f th e Bu rg ess GF.

We estim ate th e ‘lo w -tem p eratu re’ co n trib u tio n to b e n early

h alf o f th e to tal at 50 eV . If w e attem p t to facto r th at o u t, th en

th e BBGP resu lts are ro u g h ly 45% lo w er an d th e CA 45%

h ig h er— b u t clearly th is is ro u g h ly . Th e Bu rg ess GF resu lts

are ag ain o n ly a little larg er th an th e CA o n es h ere.

3 .3 .3 . S n10+. Th e p attern o f resu lts h ere is sim ilar to th o se ju st

d iscu ssed f o r Sn 9+. Th e BBGP resu lts are ro u g h ly 15% lo w er

an d th e CA 50% h ig h er th an th e AUTOSTRUCTURE o n es if w e

attem p t to co m p en sate fo r th e ‘ lo w -tem p eratu re’ co n trib u tio n
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F ig u r e 1 2 . To tal DR rate co effi cien ts f o r Sn 8+. So lid (red ) cu rv e:
CA; lo n g -d ash ed (g reen ) cu rv e: AUTOSTRUCTURE av erag ed o v er th e
in itial g ro u n d lev el; sh o rt-d ash ed (b lu e) cu rv e: BBGP av erag ed o v er
th e in itial g ro u n d lev el; d o tted (p u rp le) cu rv e; Bu rg ess GF. All th is
w o rk .
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F ig u r e 1 3 . To tal DR rate co effi cien ts f o r Sn 9+. So lid (red ) cu rv e:
CA; lo n g -d ash ed (g reen ) cu rv e: AUTOSTRUCTURE av erag ed o v er th e
in itial g ro u n d lev el; sh o rt-d ash ed (b lu e) cu rv e: BBGP av erag ed o v er
th e in itial g ro u n d lev el; d o tted (p u rp le) cu rv e; Bu rg ess GF. All th is
w o rk .

at 50 eV . We also sh o w th e resu lts o b tain ed fro m th e FAC

[5]. Th ey h av e a m o d est lo w -tem p eratu re co n trib u tio n w h ich

is co m p arab le to th e CA o n e. Th e FAC resu lts are ab o u t

30% lo w er th an th e ‘co m p en sated ’ AUTOSTRUCTURE o n es. Th e

FAC calcu latio n s sh o u ld b e th e clo sest to th e AUTOSTRUCTURE

o n es. Th e 30% d ifferen ce is p erh ap s a little larg e g iv en

th e in sen sitiv ity to ato m ic stru ctu re o r at least co n fi g u ratio n -

m ix in g . Th e FAC ap p ro ach [6] so lv es th e Dirac eq u atio n self-

co n sisten tly u sin g a u n iq u e m o d el p o ten tial w h ich is b asically a

w eig h ted av erag e o f th e CA p o ten tials ‘seen ’ b y each o rb ital,

i.e. ex clu d in g self-in teractio n . Th is m ain tain s o rth o g o n ality

o f th e o rb itals. We d o n o t carry o u t th is seco n d av erag e

8
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F ig u r e 1 4. To tal DR rate co effi cien ts f o r Sn 10+. So lid (red ) cu rv e:
CA; lo n g -d ash ed (g reen ) cu rv e: AUTOSTRUCTURE av erag ed o v er th e
in itial g ro u n d lev el; sh o rt-d ash ed (b lu e) cu rv e: BBGP av erag ed o v er
th e in itial g ro u n d lev el; d o tted (p u rp le) cu rv e; Bu rg ess GF: all th is
w o rk . Do t-d ash ed (cy an ) cu rv e, FAC resu lts fro m [5].

b u t in stead f o llo w Co w an [21] in n eg lectin g th e o v erlap

co n trib u tio n s. Ou r u se o f th e k ap p a-av erag ed relativ istic

w av efu n ctio n s sh o u ld b e so u n d f o r th ese o u ter-sh ell o rb itals.

A v ery accu rate d escrip tio n o f th e ato m ic stru ctu re o f Sn + h as

b een o b tain ed u sin g o n ly n o n -relativ istic w av efu n ctio n s [25].

3 .4 . S n12+ and S n13+

As w e ap p ro ach th e sh ell b o u n d ary , th e co m p lex ity o f th e

an g u lar m o m en tu m co u p lin g p ro b lem sim p lifi es an d b eco m es

co m p u tatio n ally less d em an d in g . Th ere m ay b e ad d itio n al

co m p lex ities in d escrib in g th e stru ctu re o n b reak in g a clo sed

sh ell o r th e p o lariz atio n o f a sin g le electro n o u tsid e o f a clo sed

sh ell, b u t th ey are b ey o n d th e sco p e o f th is w o rk . Th e sh ell

b o u n d ary (K r-lik e h ere) is im p o rtan t in p lasm a m o d ellin g sin ce

su ch io n s are relativ ely m o re ab u n d an t o v er a w id e tem p eratu re

ran g e.

Resu lts (n o t sh o w n ) f o r th e h ig h -ch arg e io n s Sn 12+ an d

Sn 13+ sh o w v ariab le lo w -tem p eratu re co n trib u tio n s sim ilar to

th o se seen f o r Sn 11+. Th e Bu rg ess GF resu lts are ab o u t 30%

larg er th an th o se fro m AUTOSTRUCTURE at th e h ig h -tem p eratu re

p eak w h ile th e CA resu lts are ab o u t 25% larg er b u t th o se fro m

th e BBGP are n early a facto r o f 2 sm aller.

3 .5 . S n4+– S n6+

Th e ‘sim p le’ p ictu re o f 1n = 0 an d 1n = 1

tran sitio n s/p ro m o tio n s b reak s d o w n at lo w ch arg es. Lev els

o f th e 4d (q−1)5l co n fi g u ratio n s in creasin g ly m o v e b elo w th o se

o f th e 4d q−14f . Th is h as tw o co n seq u en ces. Ry d b erg states

asso ciated w ith th e 4d –4f p ro m o tio n n o w b eco m e in creasin g ly

en erg etically accessib le to th e 5s, th en 5p , an d fi n ally th e

5d co n tin u a. We ex p ect th e AUTOSTRUCTURE lev el-reso lv ed

au to io n iz atio n rates asso ciated w ith th e 4d –4f p ro m o tio n to

d o m in ate o v er 4f–5p an d esp ecially 4f–5s, b u t th ere w ill b e

 1

 10

 1  10  100  1000

R
a

te
 C

o
e

ff
ic

ie
n

t 
(1

0
-1

1
c
m

3
 s

-1
)

E nergy  (eV )

Sn
4+

F ig u r e 1 5. To tal DR rate co effi cien ts f o r Sn 4+: w h ere th ere are p airs
o f cu rv es th e lo w er/u p p er are w ith /w ith o u t n = 5 (see th e tex t).
So lid (red ) cu rv es: CA; lo n g -d ash ed (g reen ) cu rv es: AUTOSTRUCTURE

av erag ed o v er th e in itial g ro u n d lev el; sh o rt-d ash ed (b lu e) cu rv e:
BBGP av erag ed o v er th e in itial g ro u n d lev el; d o tted (p u rp le) cu rv e;
Bu rg ess GF. All th is w o rk .

so m e su p p ressio n still. Th is is ex p ected to b e o ffset to a d eg ree

b y th e in creasin g d irect co n trib u tio n fro m 1n = 1 p ro m o tio n s

as th ey are n o lo n g er en erg etically accessib le to th e 4f co n tin u a.

Th e u se o f th e CA m eth o d b eco m es in creasin g ly

p ro b lem atic h ere. Lev els o f th e 4d (q−1)4f targ et/p aren t

co n fi g u ratio n b eco m e in creasin g ly in term ix ed w ith th o se o f

th e 4d (q−1)5l. Th e CA m eth o d ‘req u ires’ th at all lev els o f

4d q−14fnl b e ab o v e o r b elo w 4d (q−1)5s, 5p etc. Th is is

im p o ssib le to satisf y in th e h ig h -n lim it w h en th e p aren ts are

in term ix ed . Th e ‘h ig h -n’ lim it b eco m es n o t so h ig h at lo w

ch arg e. We illu strate th is in th e f o llo w in g sectio n .

3 .5 .1 . S n4+. Th e clo sed -su b sh ell 4d 10 n o lo n g er ad m its th e

4p –4d p ro m o tio n an d its co n seq u en tial m ix in g w ith th at arisin g

fro m th e 4d –4f p ro m o tio n . It is a rath er p u re sy stem . Th ere

is a sin g le stro n g co m p letely d o m in an t 1n = 0 rad iativ e rate

fro m th e 4d 94f 1P1 lev el an d th is is th e h ig h est ly in g lev el in

th e co n fi g u ratio n . Th e asso ciated 4f-w av efu n ctio n is stro n g ly

term d ep en d en t.

In fi g u re 15, w e co m p are th e to tal DR rate co effi cien ts

f o r Sn 4+ o b tain ed fro m th e v ario u s m eth o d s. We p resen t

p airs o f resu lts f o r AUTOSTRUCTURE an d CA. On e set is sim p ly

th e resu lt fro m in clu d in g n = 4 targ et co n fi g u ratio n s (i.e.

1n = 0 p ro m o tio n s). Th e seco n d set in clu d es n = 5 targ et

co n fi g u ratio n s. Th e effect o f th e latter is q u ite co m p lex .

We see th at th e n = 4 AUTOSTRUCTURE resu lts lie

su b stan tially b elo w th e eq u iv alen t CA o n es as w ell as th e

BBGP an d Bu rg ess GF. We in terp ret th is as fo llo w s: Ry d b erg

nl states attach ed to th e 4d 94f 1P1 co re can au to io n iz e in to

th e co n tin u u m o f lo w er lev els o f th e 4d 94f co n fi g u ratio n f o r

n > 5. Th is stro n g ly su p p resses th e DR in th is sim p le

sy stem . If w e o m it su ch au to io n iz atio n ch an n els fro m o u r

AUTOSTRUCTURE calcu latio n , th en th e p eak tem p eratu re rate

9
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co effi cien t in creases b y n early a facto r o f 2. Su ch n o n -

d ip o le au to io n iz in g tran sitio n s w ith in a co n fi g u ratio n are n o t

d escrib ed b y eith er th e BBGP o r CA m eth o d s.

We can in v estig ate th e effect o f th e 4d 95l co n fi g u ratio n s

w h ich (f o r l = 0–2) lie w h o lly (l = 0, 1) o r p artially (l = 2)

b elo w th e 4d 94f . We fi n d th at th eir in clu sio n red u ces th e

AUTOSTRUCTURE resu lt f o r th e p eak tem p eratu re rate co effi cien t

b y o n ly 5% . Th e reaso n s f o r th is are tw o f o ld . Th e su p p ressio n

o f th e DR v ia th e 4d –4f p ro m o tio n b y au to io n iz atio n in to th e

n = 5 co n tin u a h as to co m p ete ag ain st th e su p p ressio n v ia

4f –4f w h ich is alread y in clu d ed . Th en th ere is a co n trib u tio n

to DR fro m th e 4d –5p p ro m o tio n s w h ich is o n ly su p p ressed

b y au to io n iz atio n in to th e 5s co n tin u u m . Th e tw o effects

each affect th e to tal rate co effi cien t b y ro u g h ly 20–30% b u t

are larg ely self-can cellin g . Bo th effects are d im in ish ed in

m ag n itu d e as th e ch arg e state in creases.

Th e situ atio n f o r th e CA m eth o d is d ram atically d ifferen t.

Th e in clu sio n o f au to io n iz atio n in to th e n = 5 co n tin u a

red u ces th e 4d –4f p eak tem p eratu re rate co effi cien t b y ab o u t a

facto r o f 12. Th e 1n = 1 co n trib u tio n is th en co m p arab le

w ith th e red u ced 1n = 0 an d in co n trad istin ctio n to th e

AUTOSTRUCTURE fi n d in g . Th is p artially o ffsets th e effect o f

th e d ram atic su p p ressio n o f th e 4d –4f co n trib u tio n to th e to tal.

Th e n et resu lt is a facto r o f 7 red u ctio n o f th e CA to tal p eak

tem p eratu re rate co effi cien t w h ich is in tu rn ab o u t a facto r o f

2 sm aller th an th e (nl = 5s − 5d ) AUTOSTRUCTURE resu lt (n o t

sh o w n — see n ex t).

We n o w tu rn to term d ep en d en ce. Th e 4d 94f 1P1 →

4d 10 1S0 rad iativ e rate fro m th e n = 4 AUTOSTRUCTURE targ et is

b ro ad ly co m p arab le w ith th e CA v alu e: 3.3 × 1011 s−1 v ersu s

2.3 × 1011 s−1. We u se Fisch er’s Hartree–Fo ck co d e [26]

to o b tain a term -d ep en d en t 4f 1P w av efu n ctio n : th e rad iativ e

rate is 6.6 × 1010 s−1. We can attem p t to co rrect f o r term

d ep en d en ce in th e AUTOSTRUCTURE calcu latio n b y in clu d in g th e

4d 95f co n fi g u ratio n . Th is resu lts in a rate o f 9.5 × 1010 s−1

fro m th e 4d 94f 1P1. Th is facto r 3 red u ctio n tran slates in to a

40% red u ctio n in th e p eak tem p eratu re DR rate co effi cien t as

th e red u ctio n o f th e 4f co n trib u tio n d u e to term d ep en d en ce

is p artially o ffset b y th e (en h an ced ) co n trib u tio n fro m th e 5f

p ro m o tio n .

Th ere is n o co n fi g u ratio n m ix in g in th e CA m eth o d an d

so n o acco u n t is tak en o f term d ep en d en ce. Th e fi n al term -

d ep en d en t co rrected AUTOSTRUCTURE p eak tem p eratu re DR rate

co effi cien t lies rem ark ab ly an d lik ely co in cid en tally clo se

(10% ) to th e CA o n e p erh ap s in d icatin g th e o v erall effect

o f u n itarity o n th e to tals.

3 .5 .2 . S n5+ and S n6+. Resu lts (n o t sh o w n ) f o r th ese tw o io n s

sh o w a sim ilar tren d to th o se seen f o r Sn 7+. Th e BBGP resu lts

d iffer b y 5% an d 20% resp ectiv ely fro m th e AUTOSTRUCTURE

resu lts at th e h ig h -tem p eratu re p eak w h ile th o se o f th e Bu rg ess

GF an d CA (w ith o u t n = 5) are a facto r o f 2 larg er. Th e

lo w -tem p eratu re resu lts f o r th ese io n s are red u ced b o th in

relativ e m ag n itu d e an d v ariatio n co m p ared to th o se alread y

p resen ted f o r Sn 7+. If w e in clu d e th e 4d 95l co n fi g u ratio n s

(l = 0–2), w e fi n d th at o u r AUTOSTRUCTURE resu lt f o r th e p eak

tem p eratu re rate co effi cien t ch an g es b y o n ly 1% . (Th ere are

larg er lo w -tem p eratu re effects d u e to th e ch an g e in th e p o sitio n

o f n ear th resh o ld reso n an ces b ecau se o f th e ch an g e in th e

co n fi g u ratio n in teractio n ex p an sio n .)

Th e situ atio n f o r th e CA im p ro v es w ith th e in creased

ch arg e b u t th is is lik ely sim p ly d u e to th e im p o rtan ce o f th e

f u n d am en tal effect itself d ecreasin g as th e stan d ard o rd erin g

o f 4f an d 5l re-asserts itself . Th is red u ces an d th en elim in ates

th e n = 5 co n tin u a su p p ressio n effect o n DR v ia th e 4d − 4f

p ro m o tio n an d in tu rn cau ses th e 4d − 5p co n trib u tio n to

th e reco m b in atio n itself to b e su p p ressed in creasin g ly b y

au to io n iz atio n in to ex cited states. In clu sio n o f th e n = 5

su p p ressio n o f th e 1n = 0 co n trib u tio n red u ces th e n et h ig h -

tem p eratu re p eak to tal rate co effi cien t b y a facto r o f 4 fo r Sn 5+

an d 40% f o r Sn 6+. Th is 40% red u ctio n f o r Sn 6+ b rin g s th e

CA resu lt in to g o o d ag reem en t (15% ) w ith o u r AUTOSTRUCTURE

resu lt b u t it is co in cid en tal. Th e co n trib u tio n fro m 1n = 1

p ro m o tio n s in th eir o w n rig h t is n o w ab o u t 20% o f th e to tal

f o r Sn 5+.

We h av e n o t in clu d ed th e n = 5 su p p ressio n effect in th e

CA 1n = 0 resu lts p resen ted f o r o th er io n s. (Wh ere a 1n = 1

co n trib u tio n is sh o w n it w as calcu lated sep arately .) We n o te

h ere th at th e Sn 7+ to tal p eak tem p eratu re rate co effi cien t is

red u ced b y 25% if in clu d ed . We recall th at o u r AUTOSTRUCTURE

resu lt is red u ced b y n early a facto r o f 2 if w e ch o o se to av erag e

o v er all lev els o f th e g ro u n d co n fi g u ratio n as o p p o sed to ju st

th e g ro u n d lev el. Th e v ariatio n in th e CA resu lts sh o u ld b e

seen in th is p ersp ectiv e.

3 .6 . F itting co effi cients

It is co n v en ien t o f ten f o r sim p le m o d ellin g p u rp o ses to fi t th e

to tal DR rate co effi cien t to th e f o llo w in g f u n ctio n al f o rm :

αz(T ) = T −3/2
∑

i

ci ex p

(

−Ei

T

)

(2)

w h ere th e Ei are in th e u n its o f tem p eratu re T (e.g . eV ) an d th e

u n its o f ci are th en cm 3 s−1(eV )3/2.

In tab le 1, w e p resen t th e fi ttin g co effi cien ts f o r o u r

AUTOSTRUCTURE to tal DR rate co effi cien ts f o r th e in itial g ro u n d

lev el o f Sn z+ (f o r z = 4–13) w h ich are b ased u p o n th e

f u n ctio n al f o rm g iv en b y eq u atio n (2). Th e fi ts are accu rate to

b etter (o f ten m u ch b etter) th an 5% o v er 1–1000 eV .

Th e to tal DR rate co effi cien ts can b e tak en to b e

th e to tal reco m b in atio n rate co effi cien ts. Th e co n trib u tio n

fro m rad iativ e reco m b in atio n is n eg lig ib le o v er th e g iv en

tem p eratu re ran g e as is th at fro m th ree-b o d y reco m b in atio n

at th e d en sities o f in terest to tech n ical an d m ag n etic fu sio n

p lasm as.

4. R e c a p it u la t io n

We h av e m ad e ex ten siv e calcu latio n s o f DR rate co effi cien ts

f o r Sn z+ (z = 4–13) io n s u sin g co n fi g u ratio n -m ix ed Breit–

Pau li, Bu rg ess–Beth e an d CA m eth o d s. If w e ex cep t th e

sp ecial case o f th e clo sed -su b sh ell Sn 4+ io n , th en w e can state

so m e b ro ad fi n d in g s.

(i) Dip o le 1n = 0 p ro m o tio n s d o m in ate. Th is b eh av io u r

is in co n trast to th at f o u n d f o r W35+ [9] (w h ich is

10
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T a b le 1 . To tal DR rate co effi cien t fi ttin g co effi cien ts ci (cm 3 s−1 (eV )3/2) an d Ei (eV ) f o r th e in itial g ro u n d lev el o f Sn z+.

z c1 c2 c3 c4 c5

13 5.658(−10)a 8.904(− 9) 2.214(− 8) 1.298(− 7) 1.409(− 6)
12 1.346(− 9) 4.586(− 9) 1.654(− 8) 1.229(− 7) 1.188(− 6)
11 2.778(− 9) 5.772(− 9) 6.306(− 9) 1.144(− 7) 1.130(− 6)
10 1.770(− 8) 2.561(− 8) 5.012(− 8) 2.031(− 7) 8.360(− 7)

9 1.072(− 8) 1.000(− 7) 9.232(− 8) 8.136(− 7) 2.250(− 7)
8 3.346(−10) 1.022(− 9) 2.660(− 9) 2.276(− 8) 7.998(− 7)
7 5.242(−11) 2.498(−10) 9.592(−10) 6.862(− 9) 5.566(− 7)
6 3.541(−11) 6.719(−11) 1.749(− 9) 3.416(− 7) 6.493(− 8)
5 2.748(−12) 4.578(−12) 5.032(−10) 1.692(− 7) 6.514(− 8)
4 2.054(−10) 9.896(−10) 4.259(− 8) 2.052(− 8) 2.190(−10)

z E1 E2 E3 E4 E5

13 1.654(− 1) 2.011( 0) 8.695( 0) 4.152(+ 1) 9.022(+ 1)
12 1.717(− 1) 1.413( 0) 6.970( 0) 4.062(+ 1) 8.971(+ 1)
11 1.331(− 1) 9.384(− 1) 6.094( 0) 3.834(+ 1) 8.997(+ 1)
10 8.116(− 2) 9.333(− 1) 4.000( 0) 4.602(+ 1) 9.643(+ 1)

9 2.731(− 1) 2.110( 0) 6.049( 0) 7.407(+ 1) 1.340(+ 2)
8 7.158(− 2) 5.526(− 1) 3.232( 0) 2.054(+ 1) 8.255(+ 1)
7 5.997(− 2) 4.930(− 1) 2.406( 0) 1.776(+ 1) 7.715(+ 1)
6 1.958(− 1) 1.385( 0) 1.275(+ 1) 6.674(+ 1) 1.195(+ 2)
5 1.047(− 1) 8.616(− 1) 1.245(+ 1) 5.718(+ 1) 9.505(+ 1)
4 2.493( 0) 1.611(+ 1) 5.145(+ 1) 6.909(+ 1) 2.379(+ 3)

a (m) d en o tes ×10m.

iso electro n ic w ith Sn 11+) w h ere b o th n o n -d ip o le an d

1n = 1 p ro m o tio n s m ad e n o tab le co n trib u tio n s. It is

read ily u n d ersto o d in term s o f th e z-scalin g o f th e relev an t

en erg ies an d rates.

(ii) Co n fi g u ratio n -m ix in g b etw een 4p 64d (q−1)4f an d

4p 54d (q+1) h as a sm all effect o n th e to tal DR rate

co effi cien t. Th is is d esp ite th e sig n ifi can t effect it h as

o n in d iv id u al rad iativ e rates fo r ex am p le. Un itarity

d o m in ates.

(iii) Th e BBGP resu lts are sy stem atically lo w er th an th o se

o b tain ed fro m AUTOSTRUCTURE. In so m e cases th ey are

sig n ifi can tly lo w er (b y a facto r o f 2).

(iv ) Th e CA resu lts are sy stem atically an d sig n ifi can tly h ig h er

(b y u p to a facto r o f 2) th an th e co n fi g u ratio n m ix ed

Breit–Pau li resu lts o b tain ed fro m AUTOSTRUCTURE. Th eir

im p ro v em en t o v er resu lts o b tain ed fro m th e Bu rg ess GF

is m arg in al at b est. Th is is in co n trast to th at f o u n d

p rev io u sly f o r W35+ [9] an d ap p ears to b e d u e to th e lo w er

resid u al ch arg e h ere. Cav eat: at th e lo w est ch arg es th e

1n = 0 CA resu lts are red u ced sig n ifi can tly b y in clu d in g

au to io n iz atio n to th e n = 5 co n tin u a. Th is is o n ly p artially

o ffset b y th e 1n = 1 co n trib u tio n . Th e n et effect is o n ly

a few p ercen t effect in th e f u lly lev el-reso lv ed p ictu re

d escrib ed b y AUTOSTRUCTURE.

(v ) Th e AUTOSTRUCTURE resu lts d iffer sig n ifi can tly (b y u p to

70% ) b etw een av erag in g o v er ju st (th e w eig h t o f) th e

g ro u n d lev el an d all lev els o f th e g ro u n d co n fi g u ratio n .

5. C o n c lu s io n s

Th e BBGP an d CA m eth o d s sh o u ld b e u sed to d eterm in e th e

d o m in an t p ro m o tio n s w h ich co n trib u te to th e DR p ro cesses

o f in terest f o r h eav y sp ecies. Th ey can b e u sed also to

‘ to p -u p ’ sm all co n trib u tio n s. Th e BBGP m eth o d m ay b e

p referab le sin ce it d escrib es N-electro n co n fi g u ratio n -m ix in g

an d it can reso lv e b y in itial lev el— th is latter featu re is

esp ecially im p o rtan t at lo w ch arg e. Bu t th e CA m eth o d

m ay still b e req u ired so as to assess th e im p o rtan ce o f n o n -

d ip o le p ro m o tio n s sin ce th e BBGP m eth o d req u ires ex tern ally

so u rced d isto rted w av e co llisio n stren g th s to d escrib e th em .

A fu ll lev el-reso lv ed treatm en t ap p ears to b e n ecessary f o r

th e d o m in an t co n trib u tio n s so as to o b tain to tals accu rate to

b etter th an a facto r o f 2 co m p ared to th e m o re ap p ro x im ate

BBGP an d CA m eth o d s. Th e fu ll co n fi g u ratio n -m ix ed Breit–

Pau li im p lem en tatio n w ith in th e AUTOSTRUCTURE co d e can

d escrib e su ch DR p ro cesses in v o lv in g a h alf-o p en d -su b sh ell.

A co m p lete set o f su ch resu lts f o r tu n g sten io n s is h ig h ly

d esirab le. (Recall th at th e ag reem en t b etw een AUTOSTRUCTURE

an d CA fo r W35+ w as o b tain ed b y av erag in g o v er all lev els o f

th e in itial g ro u n d co n fi g u ratio n [9].) Th e f-su b sh ell w ill b e th e

n ex t ch allen g e. Th is is n ecessary f o r d escrib in g DR p ro cesses

in th e tu n g sten io n s: W13+
− W27+. It is lik ely th at th e BBGP

an d /o r CA m eth o d s w ill h av e to p lay a g reater ro le th en .
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